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It is explained under what condition instability develops in the wave front when a shock wave 
t ravels  in a medium whose density i s  decreasing.  It is shown that under labora tory  condi- 
tions the buildup of such an instability may be suppressed by a diffusion of wave front seg- 
ments into the walls of the sys tem.  Such an instabili ty can occur ,  for example, in cer ta in  
as t rophys ica l  bodies. 

1. The front of a powerful shock wave traveling in a medium whose density dec reases  is unstable 
when there is no magnetic field present  [1]. Random curving of the wave front, during which individual 
wave elements advance ahead of the front or  fall behind it, becomes more frequent with t ime. Indeed, in a 
medium of decreas ing density the front of a powerful shock wave moves at  an increasing velocity. For  this 
reason,  a front e lement  which has accidental ly moved ahead will t ravel  fas ter  and its lead wilt become 
g rea te r ,  while a front e lement  which has accidental ly fallen behind will t ravel  slower and its lag will in- 
c rease .  

These qualitative concepts are  also applicable to the case which will be considered here ,  namely, to 
the propagation of a s t rong shock wave (Mach number M>>I) in a medium of decreas ing density in the pres-  
ence of a t r ansve r se  magnetic field. As has been shown in [2], the unperturbed front of a shock wave is 
acce le ra ted  when the Alfv~n velocity H 0 (x)/~f~p0 (x) increases ,  P0 (x) andH 0 (x) denoting here the unperturbed 
density of the medium and the magnetic field intensity, respect ively .  The subsequent calculation will vali- 
date these qualitative concepts also for the case of a magnetic shock wave. 

2. We will consider  smal l  perturbations in the front of a wave whose length is much shor t e r  than the 
length l of an inhomogeneity so that kl >> 1, where k denotes the wave number ofaper i~rba t ion ,  and so that 
the quas ic lass ica l  approximation applies.  Fur the rmore ,  the medium will be considered perfectly conduct- 
ing so that, by virtue of the "freeze-in" condition, the magnetic field intensity vector  at  every  point on the 
front will be tangent to the front. 

We will a ssume that the "curving" of the front is a function of the y-coordinate .  We will designate 
an unperturbed front by X and the coordinate of a per turbed front by E = X + ~, with ~ / 0 y  assumed small  
so that (0~/Dy) 2 can be neglected. We then move the origin of the coordinate sys tem to point E and rotate 
the coordinates so that the new y ' - ax i s  will be tangent to the curved front. The angle of this rotat ion is 
equal to 3~ /ay  and is,  therefore ,  small ;  with this accuracy ,  we have then 

0 o o~ o O o 0~ o (2.1) 
Ox ~ ~ -}- Oy Oy' ' Oy = Oy' oy ox" 

a-t = -oP ~ Ox" ~ - ~  - -  y" OyOt Ox "--~ + x O-~t Oy' 
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3. In a l a b o r a t o r y  s y s t e m  of c o o r d i n a t e s  the equa t ions  of m a g n e t o h y d r o d y n a m i c s  a t  the f ron t  of a 

s h o c k  wave  b e c o m e s  

op Opvx 4- Opvy 
~ +  - - a T _ - ~ -  = o 

0--7- + Ux P + pv. 4 8n ~ ] + Uy pu~vu -- "~ H=Hv = 0 (3.1) 

aovy a (  ) a ( p  H 2 Hy")= 0 
o---~ + ~ ~"~"~ - ~-~H=H. + - ~  + Po.' + 8~ 4~ 

w h e r e  p, p,  ~, and co a r e  the p r e s s u r e ,  the  d e n s i t y ,  the e n e r g y ,  and the en tha lpy  p e r  uni t  m a s s .  

L e t  us now tu rn  to p r i m e d  c o o r d i n a t e s ,  then,  i n t e g r a t e  the equa t ions  wi th  r e s p e c t  to x '  o v e r  the j u m p  
i n t e r v a l ,  and wi th  r e s p e c t  to y '  o v e r  a n  i n f i n i t e s i m a l  r e g i o n  a r o u n d  the poin t  of  t angency  b e t w e e n  the y ' -  
a x i s  and the wave  f ron t .  We m u s t  a l s o  c o n s i d e r  tha t ,  wi th in  the e s t a b l i s h e d  a c c u r a c y ,  

vu=v~O[/Oy, H~=H~O~/Oy 

Then,  fo r  s t e p  i n c r e m e n t s  -in g a s d y n a m i c  q u a n t i t i e s ,  we ob ta in  the fo l lowing  e x p r e s s i o n s :  

{p(v--~)}=O, {p§ 2 + ~ s  pvE}=O 
�9 v ~. H 2 

(3.2) 

A f t e r  a l g e b r a i c  t r a n s f o r m a t i o n s  b a s e d  on the law of  m a s s  c o n s e r v a t i o n ,  we have  

o (v - ~ . ) =  - P 0 g ,  p* = po* § P0 v~L 
(l/2v~' + e* - -  eo*) PoE - -  p* v = 0 

p* = p §  2 / 8 a ,  e* = e §  2 / 8 n o  

(3.3) 

w h e r e  the s u b s c r i p t  "0" r e f e r s  to the i n i t i a l  va lue s  of  t h e s e  q u a n t i t i e s .  To cond i t ions  (3.3), one m u s t  add  

the " f r e e z e - i n "  cond i t ion  (3.4): 

H / p = Ho / P0 (3.4) 

When p e r t u r b a t i o n s  o c c u r ,  the v a l u e s  of  funct ions  p,  v, p * ,  and  H fo r  a gas  beh ind  the wave  f r o n t  wi l l  
d i f f e r  f r o m  t h e i r  u n p e r t u r b e d  v a l u e s  by  5p, 5v, 5p* ,  and 5H,  r e s p e c t i v e l y .  If we a l so  i n t r o d u c e  the quan t i t y  
5u = ~ ' - ~ 0 u / 0 x ,  then ,  fo r  an idea l  ga s ,  we ob ta in  the fo l lowing e q u a t i o n s :  

( ~ _  :t)8p 8,, a. 
7 - - -  - 7  + --g- = o 

p-Ta-- /7-  + - 7 -  = o  

Ho' p qSp ~'~ po*~,'] 8, § a. 
P ('r - -  t) pJ  - 7  + [(:( - t )~*  - -  v= - -  po. a --7- - -  ~ . = 0 

(3.5) 

The fo l lowing r e l a t i o n s  have b e e n  used  h e r e :  

e = p / (~" - -  l) p, 6p* = O~*Sv 

with c .  deno t ing  the v e l o c i t y  of sound,  which  b e c o m e  va l id  when t e r m s  of the o r d e r  (kl) -1 a r e  d i s r e g a r d e d  

[3]. 

The s y s t e m  of Eqs .  (3.5) i s  h o m o g e n e o u s  and i t s  d e t e r m i n a n t  i s  

pP. H o  2 g0~-~  p o  , )~_  c* 
v = -~-, ho ~ ='S~pou 2 , pou- - 7  (3.7) 
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Using the r e s u l t s  of  [3], we a lso  obtain  

i 
2(~+ t) [(~" 1) ~- 2T (no -[- ho~) + 

-F 1/-[(~" - -  t) -F 2]" (:% -F ho~)] ~ -t- 8 (y -F t) (2 --  ~() ho 21 (3.8) 

4. We will  now c o n s i d e r  spec ia l  c a s e s .  

(1). The re  is no magne t i c  field p r e sen t ,  h 0 = 0o 
c e p t f o r  ~/ = 2 .  Then,  6p = S v  = 5 u  = 0 , a n d  

If, a lso  ~r 0 = 0 (a s t r ong  shock  wave) ,  then,  A ~  0 ex-  

0~ 0~ / (4.1) 

If  an  unper tu rbed  wave f ron t  is a c c e l e r a t e d  in the d i r ec t ion  of  d e c r e a s i n g  dens i ty ,  then, the d i sp lace -  
m e a t  l~t ~ u i n c r e a s e s ,  i .e . ,  the d i sp laced  e l emen t  s e p a r a t e s  f r o m  the unper tu rbed  front .  This o c c u r s  du r -  
ing pe r tu rba t i ons  of e i t he r  s ign.  

(2).~ 0 = 0, 0 < h02 < ~2 (h02 =~2 M2) �9 An ana lys i s  will show that  in this c a s e ,  the de t e rminan t  is A r  0 
e v e r y w h e r e  excep t  on the h02(~/) c u r v e .  F o r  typ ica l  values  of  7 ,  we have the c o r r e s p o n d i n g  values of h02: 

% 5/4 % 7/~ 5/3 2 

h~o 0.0278 0.0271 0.0254 0.0240 0.0~52 0 

When A ~  0, then,  Eq. (4.1) is val id.  In this ca se ,  when the Alfv6n ve loc i ty  H 0 ( x ) / ~  in an un- 
pe r tu rbed  gas  i n c r e a s e s  in the d i r ec t ion  of  the f ron t  p ropaga t ion ,  the ve loc i ty  of the wave f ront  i n c r e a s e s  
and, consequen t ly ,  d i s p l a c e m e n t s  ~ will  i n c r e a s e  with the f ront  becoming  uns table .  

When A = 0, then,  6p/p, 6v /v ,  and 6u/u m a y  a p p r o a c h  unity.  This means  that  the f ron t  of  a shock  wave 
is abso lu te ly  uns table ,  and any sma l l  f ron t  pe r tu rba t i ons  a r e  b e c o m i n g  l a r g e .  

5. If we let H 0 = coas t ,  then,  the c h a r a c t e r i s t i c  d imens ion  of a pe r t u rba t i on  bui ldup in a wave f ron t  
will be ~l,  where  l = IV In P0 1 -I is the s o - c a l l e d  height  of a homogeneous  a t m o s p h e r e ,  and (~ is a d imen-  
s ion le s s  coef f ic ien t  (of the o r d e r  of a few units) which can be found by n u m e r i c a l  ca lcu la t ions .  The c h a r -  
a c t e r i s t i c  t ime of ins tabi l i ty  buildup,  a c c o r d i n g  to Eq. (4ol), is of  the o r d e r  of the quant i ty  ~l/u. Dur ing  
that  t ime the wave f ron t  has  b roken  down into s e p a r a t e  s m a l l  s egmen t s  whose  d imens ions  a r e  of  the o r d e r  
of  l (height of  a homogeneous  a t m o s p h e r e ) .  

In the case  of s t e l l a r  c a t a s t r o p h e s  as ,  fo r  example ,  f la reups  of  novas o r  supe rnovas ,  this t ime is 
c o m p a r a b l e  to the t ime r e q u i r e d  for  a shock  wave a s s o c i a t e d  with such an explos ion  to r e a c h  the s t a r  s u r -  
face~ T h e r e f o r e ,  the wave f ron t  will  appea r  ve ry  d i s to r t ed  when it r e a c h e s  the s u r f a c e ,  and it will  not be 
s p h e r i c a l ,  This wil l  c o n s i d e r a b l y  a f fec t  the luminance  cu rve  [4] and may  explain the na ture  of the magne t i c  fo r ce  
l ines in shedded she l l s .  Indeed,  the o r ig ina l ly  r e g u l a r  magne t i c  field of  a s t a r  b e c o m e s  in te r l inked  with a 
s t rong  shock  wave appea r ing  a t  the s t a r  s u r f a c e .  At the s a m e  t ime ,  i t  b e c o m e s  ampl i f ied  and d i s t o r t ed  by 
it.  If the magne t i c  f ield is suf f ic ien t ly  l a r g e ,  then,  the deve lopment  of s m a l l - s c a l e  pulsa t ions  may tu rn  out 
to suppres ' s  the magne t i c  field a c c o m p a n y i n g  l a r g e - s c a l e  pu lsa t ions .  Fo r  this r e a s o n ,  the f ield s t r u c t u r e  
is q u a s i r e g u l a r  in nature ;  its o r i en ta t ion  in va r ious  l a r g e - s c a l e  e l emen t s  is u n c o r r e l a t e d ,  but  within each  
e l emen t ,  i t  has  a p r e f e r r e d  o r ien ta t ion .  J u s t  such  pecu l i a r i t i e s  o f  the magne t ic  field can  be o b s e r v e d  in 
she l l s  of  f l a r ing  s t a r s  [5]. 

6. The propaga t ion  of  a powerful  shock  wave in a m e d i u m  of d e c r e a s i n g  densi ty  is af fec ted  by e n e r g y  
curnmula t ion  p r o c e s s e s ,  i .e . ,  by an e n e r g y  t r a n s f e r  f r o m  a l a rge  m a s s  of a subs tance  to a sma l l  m a s s .  
Such accumula t i on  is  p a r t i c u l a r l y  ef fec t ive  in the case  of a m a g n e t o h y d r o d y n a m i c  wave (see, e .g . ,  [6]). An 
ins tab i l i ty  of  the kind ana lyzed  he re  m a y  o c c u r  in an app rop r i a t e  l a b o r a t o r y  expe r imen t ,  when its bui ldup 
t ime is s h o r t e r  than the di f fus ion t ime of  f ron t  s e g m e n t s  into the s y s t e m  wal ls ,  which,  fo r  example ,  is of 
the o r d e r  of  r / u  o r  longer  in the case  of a shock  wave t r ave l ing  along a cy l ind r i ca l  tube of  rad ius  r .  T h e r e -  
fo re ,  the e a r l i e r  s t ipula ted  condi t ion is sa t i s f ied  if  r > a l .  
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